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> ■ 1 Introduction 

C""^ ■ Let g > 1 and let J7 be a bounded domain in M^ with boundary dfl :— T. It has been proved 

by Keller [5] and Osserman [Tlj that there exists a maximal solution u to the stationnary 
equation 

P- ; - Au+ |u|«"iu = in f7. (1.1) 

OO , When 1 < g < N/{N — 2) this maximal solution is a large solution in the sense that 



cn 



^ 



lim u(x) ~ oo (1-2) 



where p{x) — dist (x, (9J7). Furthermore Veron proves in [12 that u is the unique large 
C^ I solution whenever dQ = dfl . When q > N/{N — 2) his proof of uniqueness does not apply. 

Marcus and Veron prove in [7] that, there exists at most one large solution, provided dil 
is locally the graph of a continuous function. The aim of this article is to extend these 
questions to the parabolic equation 

dtU - An + \u\'^-\ ^ inr2x(0,oo). (1.3) 

We are interested into positive solutions which satisfy 

]hnui.,t) = f mLl,{n), (1.4) 



where / G Ll^^_^_{n) and 

lim w(a;,i) = oo y{y,s) eT x {0,oo). (1.5) 

Notice that if the initial and boundary conditions are exchanged, i.e. u{., t) blows-up when 
t — > and coincides with a locaUy integrable function on Fx (0, oo), this problem is associated 
with the study of the initial trace, and much work has been done by Marcus and Veron [5] in 
the case of a smooth domain. In particular they obtain the existence and uniqueness when 
q is subcritical, i.e. 1 < g < 1 + 2/iV. 

In this article we prove two series of results: 

Theorem A Assume q> 1 and fl is a bounded domain. Then for any f G Lj^^^lfl) there 
exists a maximal solution Uf to problem i2.5 ]) satisfying \1.4 [ ). If 1 < q < N/(N — 2), Uf 
satisfies hi. 5 \) . At end, if 1 < q < N/{N — 2) and dfl — dfl , Uf is the unique solution of 
the problem which satisfies 111.5 \) . 

The proof of uniqueness is based upon the construction of self-similar solutions of (|2.5 p 
in R^ \ {0} X (0, oo), with a persistent strong singularity on the axis {0} x (0, oo) and a zero 
initial trace on M.^ \ {0}. This solution, which is studied in Appendix, is reminiscent of the 
very singular solution of Brezis, Peletier and Terman [5], although the method of construction 
is far different. The uniqueness is a delicate adaptation to the parabolic framework of the 
proof by contradiction of !T2] . 

Theorem B Assume q > 1, Q is a bounded domain and dfl, is locally a continuous graph. 
Then for any f G Lj^^:{n) there exists at most one solution to problem Ii2.5 ]) satisfying 
PJ] ) and fro. 

For proving this result, we adapt the idea which was introduced in [7 of constructing 
local super and subsolutions by small translations of the domain, but the non-uniformity 
of the boundary blow-up creates an extra-difficulty. In an appendix we study a self-similar 
equation which plays a key-role in our construction, 

/ N — I r\ 1 

H" + I + -]h' + H - IHI"-^ = 

r 2/ q — ^ 

\imr^QH{r)=oo (1-6) 

limr^oor^^^'^^^''H{r) =0. 

We prove the existence and the uniqueness of the positive solution of p. 6 p when 1 < g < 
N/{N — 2) and we give precise asymptotics when r — > and r — > oo. 

This article is organised as follows: 1- Introduction. 2- The maximal solution 3- The 
case 1 < g < N/{N — 2). 4- The local continuous graph property. 5- Appendix. 

2 The maximal solution 

In this section fl is an open domain of K^, with a compact boundary F := dH,. If G is 
any open subset of R^ and < T < oo, we denote Q^ := G x (0, T). If / G L[^^^(r2), we 



consider the problem 

dtu -Au+ |u|9-iu = in Q^ 

\imt^ou{.,t) = f{.) iuLUn) (2.1) 

lim(j;,t)^(y^s) u{x, t) ^oo V(y, s) e T x (0, oo). 

By the next resuh, we reduce the lateral blow-up condition by a locally uniform one in which 
we set p{x) = dist (x, F). 

Lemma 2.1 The following two conditions are equivalent 

lim u{x,t) ^oo V(y,s) e r X (0,oo) (2.2) 



and 



for any < t < T < oo. 



lim u{x,t) — CO uniformly on [t,T], (2-3) 



Proof. It is clear that (|2.3 p is equivalent to the fact that p. 2 p holds uniformly on F x [t, T] . 
By contradiction, we assume that (|2.2 p does not hold uniformly for some T > r > 0. Then 
there exists /3 > such that for any S > 0, there exist two couples {ys,ss) E F x [r, T] and 
{xs,ts) € n X [t,T] such that 

^5 -yal + l*<5-S5| < ^ and u(x5,i5) < /?. (2.4) 

Taking 5 = 1/n, n e N*, we can assume that {5} is discrete and that y^ —> y G F and 
ss ^ s e [t,T]. Thus xs —^ y and ts —^ s. Therefore (|2.4 p contradicts (|2.2 p . D 

Theorem 2.2 For any 9 > 1 anrf / G L;^Q^_|_(ri), i/iere exists a maximal solution u :— Uf of 

dtu - A?i + |?i|«-i?i = OT Q^ (2.5) 

which satisfies 

limu(.,i) = /(.) zniL(f^)- (2.6) 

Proof. Let f2„ be an increasing sequence of smooth bounded domains such that i7„ c 
f^n+i C ri and Uil„ = fi. For each n let Unj be the increasing limit when fc — )■ cx3 of the 
Un,kj solution of 

dtUn,k,f - Au„,fe J + ulf.j = in Q^" 

Un,kjix,t)^k in af7„ X (0, 00) (2.7) 

u„,fcj(a;,0) = /Xsi„ in f}„. 

By the maximum principle and a standard approximation argument n >—> Un.k.f is decreasing 
thus n 1-^ Unj too. The limit Uf of the u„j satisfies (12.5 I) and (|2.6 p . It is independent 
of the exhaustion {fin} of il. Let u be a positive solution of (|2.5 p in Q^ which satisfies 
(|2.6 p . Since the initial trace of u is a locally integrable function, u'' G Lj^^{n x [0, 00)). By 



Fubini we can assume that, for any n, u £ Lj^^(dfln x [0,oo)). Because (u — Un.fc./)+ < u 
and tends to when fc — > oo, it follows by Lebesgue's theorem that 

^li^ll(w-"«,fc,/)+|lii(ao„x(o,T)) = VT>0. 

Applying the maximum principle in Qn x (0, oo) yields to 



< lim Unh-f = Un-f =^ u < lim 

n 



U S iim Un k f ^ Un f => U S imi Un f — Uf 



Theorem 2.3 For any q> \ and f S Lj^^^ifl), there exists a minimal nonnegative solution 
Uj of 112.5 |) in Q^ which satisfies 112.6 |) . 

Proof. The scheme of the construction is similar to the one of Uf : with the same exhaustion 
{f2„} of Jl, we consider the solution Unfij solution of 

dtUnfij - '^Unfij + ul,oj = in QSt 

Un,ojix,t) = in 9rj„ X (0, cxd) (2.8) 

Un^ojix,0) ^ fXn„ inf^„. 

By the maximum principle, n i— > Unfij is increasing and dominated by Uf. Therefore it 
converges to some solution Ut of (|2.5 p . which satisfies (|2.6 [) as Un,o.f and u/ do it. Using 
the same argument as in the proof of Theorem 12. 2[ there holds Un.oj < u in Q2^ for a 
suitable exhaustion. Thus Uf<u. D 

Remark. Because of the lack of regularity of 951, there is no reason for Uf (resp uA to tend 
to infinity (resp. zero) on 951 x (0, oo). 

The next statement will be very usefuU for proving uniqueness results. 

Theorem 2.4 Assume g > 1, / G L\^^:{Q?) and Uf is a nonnegative solution of i2.5 \) 
satisfying i2.6 ]) . Then there exists a nonnegative solution uq of 112.5 ]) satisfying 

\imuo{.,t)^0 mLlM, (2-9) 

such that 

0<Uf-Uj:<uo<Uf, (2.10) 

and 

<uf — Uf <uo — uq. (2-11) 

Proof. Step 1: construction ofuQ. The function w — Uf ^ Ur is a nonnegative subsolution 
of (12.5 p which satisfies 

lunz«(.,t)=0 inLl^in). 

Using the above considered exhaustion of fl, we denote by Vn the solution of 

dtVn - Avn +vl = in g^," 

Vn{x,t) ~ Uf — Ur in 9J1„ X (0,oo) (2-12) 

f„(x,0) = in fin. 



By the maximum principle 



Uf - Uf < Vn < Uf in Q^ 



Therefore Vn+i > Wn on 9J7„ x (0, cxd); this imphcs that the same inequahty holds in Q^T- 
If we denote by uq the limit of the {««}, it is a solution of (|2.5 p in Q^. For any compact 
if G fl, there exists Uk and a > such that dist {K, il^) > a for n > uk therefore «„ remains 
uniformly bounded on K by Brezis-Friedman estimate [3]. Thus the local equicontinuity of 
the Vn (consequence of the regularity theory for parabolic equations) implies that wq satisfies 

(12:91 . 

Step 2: proof of \2.11 \) . We follow a method introduced in ^ in a different context. For 
ri € N and fc > fixed, we set 

^/,n = ^f,n " "/ and Zo,„ = wo,„ - uo, 
where we assume that the n are chosen such that u/, uq e Lj^^{dQ,n x [0, oo)), and 

. — if r 7^ s 

r,s) — <^ r — s 

if r = s. 



By convexity, 

Therefore 
and 



ra > So, ri > si ^ \ ^ j,/ ^ 



(m/,„, u/) > (/)(uo,n, uo) in Qt^" 



Un 



= dt{Zf^n - ^0,n) - A(Z/^„ - Zo,„) + u^_„ ~ "/ ~ "o,« + ' 

= dt{Zf,n - Zo^n) - A{Zf^n - Zo,„) + (j){uf^n,Uf)Zf^n - (7!'(uo,n , Uo)2'o,n , 

which implies 

dt{Zf\n - ^0,n) - A(Z/,„ - Zo,„) + (j){u-f^n,Uf){Zf^n - Zo^n) < 0. 

But Zf^n — Zo^n = in f7„ x {0} and 

|Z/_„ - Zo,„|d5dt = 

by approximations. By the maximum principle -^/,n,fc — Zo.n,k < 0. Letting n — > cx) yields 
to 

% — Uf < UO — MO; 

which ends the proof. D 



3 The case 1 <q < N/{N - 2] 



In this section we assume that i7 is a domain of M^ with a compact boundary. We first 
prove that the maximal solution is a large solution 

Theorem 3.1 Assume 1 < q < N/{N — 2) and f € Llg^^{fl) . Then the maximal solution 
Uf of 112.5 |) in Qp which satisfies \2. 6 |) satisfies also i2.3 ]) . 

Proof. In Appendix we construct the self-similar solution V := Vn of (|2.5 P in Qoo 
which has initial trace zero in M^ \ {0} and satisfies 

lim Vn(x, t) = CX3, 

locally uniformly on [t,oo), for any r > 0. Furthermore VN{x,t) = t~^'^'^~^'HN{\x\/^/t). If 
a € dQ, the restriction to f2„ of the function Vn{x — a,t) is bounded from above by u„j. 
Letting n — > oo yields to 

VN{x-a,t)<Uf{x,t) y{x,t)eQZ- (3.1) 

If we consider x (£ fl and denote by a^ a projection of x onto 9il, there holds 

t-^/ii~^^HNip{x)/Vt) = VNix ~ a,,t) <Uf{x,t). (3.2) 

Using (15.2 p . we derive that Uf satisfies (|2.3 p . D 

Theorem 3.2 Assume I < q < N/{N - 2), / e Lj^^^{n) and dfl = dTf . Then Uf is the 
unique solution of V2.5 \) in Q^ which satisfies i2. 6 ]) and 112.3 I) . 

Proof. Assume that uj is a solution of ()2.5 p in Qp such that (|2.6 p and (|2.3 p hold. By 
Theorem 12.41 there exists a positive solution uq with zero initial trace such that 

< Uf — uq < Uf (3.3) 

and (|2.11 p are satisfied. Since Uf{x,t) < {{q — l)t)^ '^'~ ' (notice that this last expression 

is the maximal solution of (|2.5 p in Q^ ), the function uq satisfies also (|2.3 p . Therefore, it 
is sufficient to prove that uq — uq := u. 

Step 1: bilateral estimates. Since dQ = dCl , for any a G dfl, there exists a sequence 
{an} C f2 converging to a. If u is any solution of (|2.5 P in Qp which satisfies (j2.3 P and 
(12751 . there holds 

V^r(x — a„, t) < u{x,t) =^ Vn{x — a,t) < u{x, t). 

In particular, if a = a^, we see that u satisfies p. 2 p . In order to obtain an estimate from 
above we consider for r < p{x) the solution {y,t) i-^- Ux.r{y,t) of 

dtUx,r- ^Ux,r + U%,^^Q in Qoo" 

lim(j,^t)^(2^o) Ux,r{y,t) = Vz G Br{x) (3.4) 

lim|j,||j, W2;.r(a;, i) = oo locally uniformly on [r, oo), for any r > 



Then 

In particular, with uo,r — "r, 

uo(x,t) < ?/p(,)(0,t) = (p(x))-2/(9-i)^,,(o,t/(p(x))2). 
Therefore 

t-i/(«-i)i/Ar(p(x)/N/t) < u{x,t)<uo{x,t) < {p{x)r^l^'i-^^u,{Q,tl{p{x)f). (3.5) 



The function s h^ mi(0, s) is increasing by the same argument as the one of CoroUarv 14.31 
and bounded from above by the unique solution P of 

-AP + P'' = inSi 

lim|^|_^iP(x) =00. 

Therefore it converges to P locally uniformly in Bi and lim ui(0, s) = ^(0). Thus 

S — >C30 

t/{p{x)f ^ ^ =^ {p{x))-^/^^-'K^{Q,t/{p{x)f) « P(0)(p(x))-2/(^-i). (3.7) 

On the other hand, if t/{p{x))'^ -^ 00, equivalently p{x)/^/i -^ 0, 

i-l/('-l)i/Ar(p(x)/Vi) « A^.,t-l/(«-l)(p(:r)/Vt)-2/('-^) = \n,Mx))-^/^'^-'\ (3.8) 

bydSZ). 

Next, in order to obtain an estimate from above of ui(0, s) when s — > 0, we compare ui 
to a solution uq of (|2.5 p in Q^, where is a polyhedra inscribed in Bi; this polyhedra is a 
finite intersection of half spaces Ti containing H. In each of the half space F^, with boundary 
7i, we can consider the solution Wi of ()2.5 p in Q!^ which tends to infinity on 7^ x (0,oo) 
and has value on F^ x {0}. This solution depends only on the distance to % and t. Thus 
it is expressed by the function Vi defined in Proposition 15.11 when iV = 1. Moreover, since 
a sum of solutions is a super solution. 



Ui 



< ue < ^ W, ^ wi(0, s) < ^ i/i(dist (0, J^)/y^). (3.9) 



We can choose the hyperplanes 7^ such that for any 6 G (0, 1), there exists Cs E N* such 
that 

uiiO,s)<CsHi{{l-d)/V^s). (3.10) 

Using (|5.3 p we derive 

u{x,t) > CAr^,(p(a;))2/(«-i)~^i^/2-i/(«-i)e-(''(-))'/4*, 
when p{x)/^/t — > 00, and 
uoix,t) < CH,{{l-S)pix)/Vt) < C(l-5)2/(«-i)-i(p(x))2/(«-i)-4i/2-i/(9-i)e-«i-^)''(-))'/4 



Therefore, there exists 9 > 1 such that 

uo(x, t) < C(p(.T))2/(9-i)-^<^/2-i/(9-i)e-W-))V4flt < cuix, 9t), (3.11) 

when p(x)l \Jt —> oo. Finally, when m^^ < p(x)/vt < m for some m > 1, (|3.5 p shows that 
(p(a;))^2/(^^^^Mi(0,t/(/9(a:))2) and t~^/^'^~^'> HMip{x)/Vi) are comparable. In conclusion, 
there exist constants C > P{0)/\N.q > 1 and 6 > 1 such that 

u{x,t) <uo{x,t) <Cu{x,9t) V(x,i)GQ^. (3.12) 

5iep 2: End of the proof. Let t > and C" > C be fixed. The function 

1 1— > u-r{x, t) :— C'u{x, t + 9t) 

is a supersolution of ()2.5 p in fJ x (0, oo) which satisfies Ur(a;, 0) = C'u{x, 9t) > uo{x, r) by 
p. 12 p . Furthermore, 

C'u{x, t + 9T)> C'{t + 0t)-i/(.-i) HN{p{x)/VtT9^) = C'Aw,g(l + o(l))(p(x))-2/(9-i), 

as p{x) — » 0, locally uniformly for t G [0,oo). Similarly, 

^o(x, t + r) < (p(x))-2/(?-i)zii(0, (i + T)/{p{xyf} = P(0)(1 + o(l))(p(a;))-2/(«-i) , 

as p{x) — > 0, and also locally uniformly for t G [0, oo). Therefore (uo(a;,t) — UT{x,t))+ 
vanishes in a neighborhood of dQ x [0, T] for any T > 0. By the maximum principle 

Ur{x, t) > uq{x, t) V(a;, t) G il x (0, oo). 

Letting t ^ and C ^ C yields to 

w(x, t) < uo{x, t) < Cu{x, t) V(x, t) G g^. (3.13) 

The conclusion of the proof is contradiction, following an idea introduced in [8j and de- 
velopped by [12] in the elliptic case. We assume u ^ uq, thus u < uq. By convexity the 
function 

w = U'- ^{uq -u) 

is a supersolution and w < u. Moreover w > w' := ((1 + C)/2C)u and w' is a subsolution. 
Consequently, there exists a solution ui of (|2.5 P which satisfies 

w' <ui < w=^uo-ui > (l + X^^) (uo-u) in Q^. (3.14) 

Notice that ui satisfies (|2.9 I) and (|2.3 p . therefore it satisfies (|3.13 p as u does it. Replacing 
u by ui and introducing the supersolution 

and the subsolution w']^ := ((1 + C)/2C)ui we see that there exists a solution U2 of (|2.5 p 
such that 

w'l < U2 < wi =^ uo — U2> (l + K^^) {uq — u) in Q^. (3.15) 

By induction, we construct a sequence of positive solutions Uk of (|2.5 p . subject to (|2.9 p 
and (|2.3 p such that 

^o-Ufc> (l + ^"')''(uo-u) in Q^. (3.16) 

This is clearly a contradiction since (l + K^^) — > oo as fc — > oo and uq is locally bounded 
in Q^. a 



4 The local continuous graph property 

In this section, we assume that 9f2 is compact and is locally the graph of a continuous 
function, which means that there exists a finite number of open sets Vlj {j — 1, ..., k) such 
that r n i^j is the graph of a continuous function. Our main result is the following 

Theorem 4.1 Assume q > 1 and f G Lj^^,{fl). Then there exists at most one positive 
solution of i2.5 ]) in Q^ satisfying i2. 6 \) and 112.3 }) . 

Suppose Uf satisfies (|2.5 |) in Q^d satisfying (|2.6 p and (|2.3 p . then clearly the maximal 
solution Uf endows the same properties. In order to prove that Uf ~ Uf, we can assume 
that / = by Theorem 12.41 We denote by u this large solution with zero initial trace. We 
consider some j € {l,...,fc}, perform a rotation, denote by a; = {x',X]y) e M^^^ x M the 
coordinates in M.^ and represent F fl O^ as the graph of a continuous positive function ip 
defined in C ^ {x' e M.^~^ : \x'\ < R}. We identify C with {x = (x', 0) : |a;'| < R} and set 

Ti — {x = {x , (t>{x')) : X e C}, 

Ta = {x = {x',xn) ■.x'edC,0< xn < Hx'),}, 

and 

Gh = {x G M^ : \x'\ <R,0<XN< Hx')}. 

We can assume that Gr C 17 U Fi, 

M{^{x') ■.x'eC}^Ro>0 and sup{4>{x') : x' e C} = Ri > Rq. 
For (T > 0, small enough, we consider ^o- e C°°{C) satisfying 

(l){x') - a II < (j}^{x') < (j){x') + a/2 Vx' G C, 

and set 

G^M ^{xeR^ : \x'\ <R,0<XN< cj^aix') - a} 

and 

G'^ji = {x e R^ : \x'\ <R,0<XN< (t)a{x') + a}. 

The upper boundaries of G^ and G'„ are defined by 

Ti,„ ^ {x ^ ix' ,cj)„{x') - a) : x' e C}, 

F'l., =. {x = (x', Mx') +<j):x'e C}, 
and the remaining boundaries are 

^2,a = {x ^ {x', Xn) : x' g dC, < xn < 0cr(a;') - ct}, 

F'2^^ ^{x^ {x', xn) : x' e dC, < xn < (t)a{x') + a}. 
In order to have the monotonicity of the domains, we can also assume 

(j)^{x')-a <(j)^'{x')~a' <(l)„,{x')+a' <(j)^{x')+<7 VO < cr' < cr Vx' G C, (4.1) 



thus, under the condition < cr' < cr, 

GaM C Ga'^R C Gr C G^, ji C G^j^. (4.2) 

The locaHzation procedure is to consider the restriction of u to Q'^ :— Gfj x (0,oo), thus 
u is regular in Gr U r2 x [0, oo) and satifies 

hm u{x' ,xpf,t) = oo, (4-3) 

uniformly with respect to (x', t) G G x [t, T], for any < r < T. We construct v^ as solution 
of 

dtv„ ~Av,+vl = in g^-« := G,,j^ x (0,(X)), (4.4) 

subject to the initial condition 

lmiv^{x,t) = locally uniformly in Ga,R, (4-5) 

and the boundary conditions 

lim Vcr{x',XN,t) ~ oo V(a;',t) e C X (0, oo], (4.6) 

uniformly on any set K x [r, T] , where T > r > and X is a compact subset of C and 

v^{x, t) = y{x, t) e T2^a X [0, oo). (4.7) 

We also construct w^ as solution of 

dtw, - Aw, +wl = Q in g^"'" := G'^^r x (0, oo), (4.8) 

subject to the initial condition 

lim ^^(a;, t) = locally uniformly in G^ ^, (4-9) 

and the boundary conditions 

r (i) w^{x,t)=0 V(x,f)Gr'i^, x[0,T], 

\ («') \un(^,s)^(y^)W„{x,t) ^oo V(y,s) e r'2,^ X [0,T]. 



(4.10) 



The functions v^ and Wu inherit the following properties in which the local graph property 
plays a fundamental role, allowing translations of the truncated domains in the xjv-dircction. 

Lemma 4.2 For cr > cr' > there holds 

v„, < v„ in Q^--", (4.11) 

w„><w„ inQ^^'-", (4.12) 

(i) v^{x' ,xn — 2<T,t) < u{x' ,XN,t) in Q'^ 

G « (4.13) 

(m) u{x' ,XN,t) <Va{x,t) +Wa{x,t) otQoo"'""- 
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Proof. The inequalities (|4.11 p and (|4.12 p are the direct consequence of the fact that the 
domains Ga-,R and G'^, ^ are Lipschitz and the functions Va- and Wa- are constructed by 
approximations of solutions of (|2.5 p with bounded boundary data. For proving (|4.13 P -(i). 
we compare, for r > 0, u{x, t — t) and Vcr{x' , xm — 2a, t) in Q'^. Because u satisfies (j2.3 p . 
and v^{x' , xn — 2(7, 0) = in Gr, ()4.13 p -(i) follows by the maximum principle. The proof of 
(|4.13 P -fii) needs no translation, but the fact that the sum of two solutions is a supersolution. 
D 

Corollary 4.3 There exist vn = lim Wo- o-nd Wn = lim Wcr and there holds 

vo<u<vo + Wo in Q^" . (4.14) 

Moreover, the functions 1 1— > V(){x,t) and t i— > wo(a;,t) are increasing on (0,oo), Va; € Gr. 

Proof The first assertion follows from ()4.11 p - (|4.12 p . and (14.14 p from (|4.13 p . Since vq 
is the limit, when cr ^ of Uo- which satisfy equation (|4.4 p in Qy"", initial condition 
(|4.5 p and boundary conditions (|4.6 p . (|4.7 p . it is sufhcient to prove the monotonicity of 
t '—^ Vai-, t). Moreover v^ is the limit, when k tends to infinity of the Vk,a solutions of (j2.5 p 
in Qrp"'^, which satisfy the same boundary conditions as v^ on T2,a x [0,T], the same zero 
initial condition and 

lim Vk,aix',XN,t) = k. 

For r > 0, we define Vr by Vr{x,t) = {vk,j[x,t) — Vk^ry(x,t + t))+. Because dG^.R is 
Lipschitz and Vr is a subsolution of (|2.5 p which vanishes on OG^^r x [0, T] and at i = 0, it 
is identically zero. This implies Vk,cr{x,t) < Vk^a-ix^t + r), and the monotonicity property of 
Vq, by strict maximum principle and letting cr — > 0. The proof of the monotonicity of wq is 
similar. D 

The key step of the proof is the following result. 

Proposition 4.4 Let e, r > 0. Then there exists 5^ > such that, if we denote 

Gs^Ri ~ {x ~ (x',xn) ■ \x'\ < R' and 0(a;') — S < xn < 4>ix')}^ 



there holds, for R' < R/y/N - I, 

wo{x,t)<evo{x,t + T) \l{x,t)c,Q^'''' . (4.15) 

Proof. Using the result in Appendix, we recall that V :— Vi is the unique positive and 
self-similar solution of the problem 

dtV - d:,^V + y« = in IR+ x M+ 

limt^o V{z, t) = Q Vz > (4.16) 

lim^^oV"(;z,t) = oo Vt > 0, 

and it is expressed by Vi{z,t) = t^^/^i^'^">Hi{x/^/t), where Hi satisfies ((5n - ((5XP with 
TV = 1. We set i?Ar = R/^/N - 1 so that 

Coo := {2:' = (a;i,---,a;Ar_i) : sup \xj\ < Rn} ^ G ^ {x' : \x'\ < R} 

3<N-1 
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and we define 

N-l 

w{x,t) = W{xN,t)+ ^(T/F(xj ~R,t) + W{R-Xj,t)). 

The function w a super solution in G x R+ where Q := {(x', xn) '■ x' € Coo, a;jv > 0} which 
blows up on 

{a; : a; at = , sup \xj\ < R} M {x : xn > , Xj — ±R} . 



"*— j<N—l 



^Ge 



Therefore wq < w in Qj, " . Moreover w(a;, f ) — > when t — > 0, uniformly on 

Ga.fl' •= {^ = (a;i,a;2) : |xi| <R!,a<X2< (t>{xi)}, 
for any a G (0, i?o] and i?' G (0, i?Ar). Since for any r > 0, wo(a:;,i + r) — > cx3 when 
/^(a::) — *■ 0, locally uniformly on [0,oo), and w{x,t) remains uniformly bounded on Qc 
for any 6 > Rq, it follows that for any e > there exists (5c > such that 



^G 



S,R' 



G 

wo(.x, t) < w{x, t) < evo{x, t + t) V(x, t) G Qoo*""^ 



D 



Proof of Theorem \4-l\ Assume m is a solution of (|2.5 p satisfying (|2.6 p and (|2.3 p . Then 

G ! 

there holds in QcJ""^ , 

voi;t) < u{.,t) < va{.,t) + evoi; t + T). (4-17) 

Therefore 

voi.,t + T) <u{.,t + T) <va{.,t + T) + evo{.,t + 2T), 

from which follows 

(1 + e)u{., t + r) > (1 + e)wo(., t + r) > va{., t) + evo{.,t + r) 
since t i-^ vo{.,t) is increasing by Corollary 14.31 The maximal solution uq satisfies (|4.17 \i 

G 

too; consequently the following inequality is verified in Qoo"'^ , 

(l + e)u(.,f + T) >uo(.,t). (4.18) 

Since dU is compact, there exists (5* > such that (|4.18 P holds whenever t G [0,T] (T > 
arbitrary) and p(a;) < 5* . Furthermore 

limmax{(uo(a;, i) — (1 + e)u{x,t + t))+ : p(a:) > (5*} = 

because of (12.6 p . Since {u[j{x, t) ~ {1 + e)u{x.t ^ t))j^ is a subsolution, which vanishes at 
i = and near d^ ^ [0, T], it follows that (|4.18 P holds in Q^^. Letting e ^ and r ^ 
yields to u > uq. D 

Remark. The existence of large solutions when q > N/{N — 2) is a difficult problem as it 
is already in the elliptic case. We conjecture that the necessary and sufficient conditions, 
obtained by Dhersin-Le Gall when g = 2 [1] and Labutin [B] in the general case q > 1, 
and expressed by mean of a Wiener type criterion involving the C^g,-Bessel capacity, are 
still valid. As in [7], it is clear that if dfl satisfies the exterior segment property and 
I < q < {N — l)/(-/V — 3), then uq is a large solution. 
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5 Appendix 

The proof of this rcsuh is based upon the existence of solution of (|2.5 \i in Qoc with a 

persistent singularity on {0} x [0,oo). 

Proposition 5.1 For any q > I, there exists a unique positive function V :— V^ defined in 
R+ X M_|_ satisfying, for any r > 

dtV-^AV + V^O m q!^"\^°^ 

lim^:,.t)^iy^o)V{x,t)=0 VyeR^\{0} (5.1) 

lini|2.|^o ^{^1 1) = oo locally uniformly on [r, oo), for any r > 

Then Vi\[{x,t) — t^^'^"^^^^ H]\f{\x\/y/t), where H := H^ is the unique positive function 
satisfying 

/ N - 1 r\ 1 

H" + + -]H' + H - iJ« = in W. 

\ r 2) q-\ 

linir^o Hij") — oo 
lim.r_,oor2/(9-i)i7(r) =0. 
Furthermore there holds 



(5.2) 



Hjv(r) = CAr,,r2/(9-i)-^e-'-'/4(l + 0{r-^)) as r -^ oo, (5.3) 

and 

HN{r) = AAr,,r-2/(9-i) (i + 0{r)) as r ^ 0, (5.4) 

Proof. If we assume 1 < q < N/{N — 2), the C2,i,q' parabolic capacity of the axis {0} x K C 
jjW+i jg positive, therefore there exists a unique solution u := u^ to the problem 

(9tu- Au+ |u|9-iu = /i eM^xK, (5.5) 

(see [I]) where n is the uniform measure on {0} x R_|_ defined by 

/"OO 

Cdfi^ C{0,t)dt VCeCo°°(M^+^). 



If we denote Ti[u]{x,t) = e'^/^'J-^'>u{exjH) for ^ > 0, then T/, leaves the equation (1^31 
invariant, and Ti[u^] — M£2/(9-i)-jv„. If we replace fi by kfi {k > 0), we obtain 

Ti[uk^t] = Uf2/(„-i)-Nt,^. (5.6) 

Moreover, any solution of (PX|) in M^ \ {0} x R+ which vanishes on M^ \ {0} x {0} is 
bounded from above by the maximum solution u :^ U oi 

-Am + u« = inM^\{0}. (5.7) 



13 



This is obtained by considering the solution U^ of 

-All + 7^9 = in R^ \ Be 

r ( N (5.8) 

hm u(x) = oo. 

I \x\ — ^e 

ActuaUy, 

1/(9-1) 



U{x) := hm U,{x) = \N,q\x\-^'^'^-^^ with Aw^, := 



q-ij \q-i 



'^ N 



(5.9) 
an expression which exists since 1 < g < N /{N — 2). If we let fc -^ oo in (|5.6 p . using the 
monotonicity of /x i— > u^, we obtain that Uk^ — > Uooin Uoop, < U and 

Te[uaoij.] = ug2/(,-i)-N^^ = Uoofj. V^ > 0. (5.10) 

This implies that Uoo/^ is self-similar, that is 

Furthermore, h{.) is positive and radial as a; i— > Ui^{x,t) is, and it solves 

h"+{ + -]h' + h-h'^ = Q in R+. (5.11) 

\ r 2 J q-1 

Since Ufj_{x, 0) = for cc ^ 0, the a priori bounds u^^ < U , the equicontinuity of the {ukfj.}k>o 
implies that Moo/i(a;,0) = for x 7^ 0; therefore 

lim r2/('?-i)/i(r-) ^0. (5.12) 

r — 'OO 

The same argument as the one used in the proof of CoroUarv 14.31 implies that t 1^ u^{x,t) 
is increasing, therefore lim2._,o u^(x^ t) = 00 for i > 0. This implies limj.^o h{r) — 00. Then 
the proof of (|5.3 \ follows from [ini Appendix]. When r ^- 0, /i could have two possible 
behaviours [O] : 

(i) either 

/^(r)=Ajv,,r-2/(9-i)(i + 0(^)), (5.13) 

(ii) or there exists c > such that 

h{r)^cmN{r){l + 0{r)), (5.14) 

where misiif) is the Newtonian kernel if A^ > 2 and mi{r) = 1 + o(l). 

If (ii) were true with c > (the case c — Q implying that h = because of the behavior 
at 00 and maximum principle), it would lead to 

UooM(^)=c|a;|2-^t^-2-i/(«-i)(i + o(i)) asa;^0, (5.15) 

for alH > 0. Therefore 

ul^dxdt<C{e), (5.16) 
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for any e > and k e (0, oo]. We write (|5.5 p under the form 

dtUkf_, - Aukf^ = gk + k^i 
where gk — — w^^, then Uk^ = u'f.^ + u'^, where 

dtu'kf, - Au'k^ = kfj. 
and 

By hnearity u'f, — ku' Because of (|5.16 P u'^ remains uniformly bounded in L^{Bi x (e, T). 
This clearly contradicts limfc_,oo uj, = oo. Thus (|5.4 \i holds. The proof of uniqueness 
is an easy adaptation of [3 Lemma 1.1]: the fact that the domain is not bounded being 
compensated by the strong decay estimate (15.3 p . This unique solution is denoted by Vn 
and h — Hn ■ □ 
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